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1. Introduction

A-metrically equivalent operators may be regarded as a generalization of metrically equivalent operators. This is realized

when A= I and T*= T*.
Definition 1.1. Two operators S € BA(H) and T € Ba(H) are said to be:

(1). A-metrically equivalent, denoted by S ~am T, provided T*AT = S*AS equivalently; || T |a=| SE ||a V & € H.

T#a = AYT*A, in which AT is the Moore-penrose inverse of A.
(2). n-A-metrically equivalent, denoted by S ~n-a-m T, provided THAT™ = S*AS™ for a positive integer n.
Definition 1.2. An operator T € B(H) is
(1). A-Contraction if || TE ||a<|| & ||a for every £ € H & T*AT < A.
(2). A-Isometry if T*AT = A || T ||a=]| € ||a for every € € H.
(8). A-Unitary if T*AT = TAT* = A &|| T*E ||la=|| T¢ ||a=|| € ||a for every £ € H.
(4). A-Normal if T*AT = TAT* <|| T€ ||a=| T*¢ ||a for every £ € H.

(5). A-Partial isometry if | TE ||a=|| € ||a for every € € N(AT)* 4.
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2. Main Results

Theorem 2.1. If T is an A-normal operator and S € Ba(H) is A-unitarily equivalent to T, then S is A-normal.

Proof. Suppose

S = (UPAT*U) (U TU)
=UMTMTU
=UMTTMU
= SUMTHU
= SU*USH
= SPrrySH

= Ssh

O
Theorem 2.2. Let S and T be A-metrically equivalent operators, then S*a and T*A are co-A-metrically equivalent operators.

Proof. Since S and T are A-metrically equivalent operators;

THMT = S*S
— (THaT)s
— (P48
— (TH4)ta(T)ia
— (Stayta(g)ta
=TT*"

= S5SH

Thus S*4 and T%4 are co-A-metrically equivalent operators. O

Proposition 2.3. Let S,T € BA(H), then S and T are n-A-metrically equivalent if S™ and T™ are A-metrically equivalent

operators for some positive definite integer n.

Proof.

SFAS™ =TT
= S"(S*)"
=T (TH)"
— gtagn(gtayn=t
— phapn(phaynt
— St gngha(giayn—?

— plaqnpta (TﬁA)'ﬂ*Z
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= (S")FAS™ = (T")FAT"

Hence the proof.

O

Proposition 2.4. Let S,T € Ba(H) be both 2-A-metrically equivalent and 3-A-metrically equivalent operators, then they

are n-A-metrically equivalent for all n >.

Proof. We first prove that the result holds when n = 4, then by induction we prove that the result holds for

Since S and T are 2- A-metrically equivalent;

St = Tiar?

post-multiplying both sides of the equation 1 by S and T respectively, we get;

§#4 8% = Thar?

S84 g = T2riaT

Pre-multiplying both sides of the equation 3 by S and T respectively, we get;

S°S#S = T°T*T

SkaSt =TTt

Suppose that S¥45™ = T#AT™ and that the result is true for all n > 4, it follows that; S%4gn+1

and T are (n + 1)-A-metrically equivalent and hence by induction the proof follows.

all n > 4.

= T#a7"*! and hence S

O

Theorem 2.5 ([1]). A necessary and sufficient condition that for an operator T € Ba(H) to be A-normal is that R(T*T) C

R(A) and || T*T€ ||a=|| TT*¢ ||a for all € € H.

Corollary 2.6. An operator T € Ba(H) is A-normal if and only if T and T* are A-metrically equivalent.

Proof.  Proof follows from Theorem 2.1.

Proposition 2.7. (S — A) and (T — \) are n-A-metrically equivalent if S and T are A-metrically equivalent.

Proof. Let (S — ) and (T — A) be n-A-metrically equivalent; then

(S = NS = X)" = (T — N (T - \)"

thus

)

nikn A an—pyk _ k
(B ()= (g

Z(l)’ﬂ(") (WFSHsT P =3 (— 1)’“(

p

)(/\) ThAT P

o))
s
p
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when k = n, hence

(=)™ tp(\)" (SR g TP APy 4 ni:(—n’“ <Z> AW)FNE(S#agn—P APy =

p=1

put A =ge”?, 0< 6 < 2r, ¢ >0, we get;
(1) g’y (SH 8 — THT ) + 37 (-1)" (Z) (g™ (548" 7 — TAT"7)
p=1
hence;
n—2
(~1)"TNSHS —THT) 4 (Z(—l)k (") (ge™)7 (8% (57 - T“T"")))

n(qeiﬂ)n—l

taking ¢ — oo we obtain;

S#AS — 7T =0 implying S8 =TT

Lemma 2.8. Let S and T be linear operators on a Hilbert space H. If S ~a.m T, then
(1). If T is A-isometric, then S is also A-isometric.

(2). If T is an A-contraction, then S is also an A-contraction.

(3). If T is an A-partial isometry, then S is also an A-partial isometry.

(4). If S and T are A-positive, then S =T.

Proof.

(1). The proof follows from §#.5 = T*AT = Pg4.

(2). This follows from || T¢ ||a=| SE ||a<|| € || for every £ € H.

(3). If T is an A-partial isometry, then T*AT is a projection. Since S ~a.m T, we have S#4§ = T#AT. This proves that

S#4S is a projection and hence S is an A-partial isometry.

(4). Positivity of S and T implies that S and T are A-self adjoint. Thus % = S§S% and T? = T#*T. By hypothesis, we
have S = T2, thus S =T. O
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